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^1^ , Abstract. In this paper we derive two bosonic (alternating sign) for- 

^ ■ mulas for branching functions for general affine Kac-Moody Lie algebra 

t*^ ' g. Both formulas are given in terms of Weyl group and string functions 

of 0. 

< 

r-! . Introduction 

^ ■ 

^ ' Let Q be an affine Kac-Moody Lie algebra, Qfin be the corresponding 

simple finite-dimensional algebra, 

= Qfin ^ C[t, t-^] ®CK® Cd, 

> 

C^ I where K is a central element and [d, x ^f^] = —ix®t^ for x € g. We fix the 

C"^^ ■ Cartan decomposition g = n © () © n_, with 

m 

^ : f) = i]Hn © CK © Cd, 

o 

O 



where \]fin is the Cartan subalgebra of Qfin- We also denote 



r^ ■ Let P^ ^-> f}* be the set of all dominant integrable level k weights of 0. 

We denote by P^ ^^ f)'* the image of P^ with respect to the restriction 

map ()* — > f)'*, A 1-^ A'. For A G P^ we denote by L\ the corresponding 

^ ' irreducible highest weight module and by L\i a 0' module which coincides 

j^ ■ with L\ as a vector space and the action of 0' is a restriction of the action 

of 0. 

For Ai G P^^, A2 € Pj^ consider a decomposition of the tensor product 
of 0'-modules 

(1) Ly^(^Ly^= L^,®C(,, 



1''2 






Note that Cw w can be considered as a space of highest weight vectors 
of f)'-weight u! in Ly (8) Ly . To define a character of Cw ,, we assume 

1 2 '^l'^2 

Xi{d) = X2{d) = iJ,{d) = (note that for any A' S Pj^^ there exists A S P^ 



1 
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such that X{d) = 


= and A (,' = A'). Then we obtain a gr 
Set 




<;,,(cz)=ch,cj:;,,=Trg'^i^,;^ 



These functions are cahed q branching functions. We note that in the con- 
formal field theory branching functions appear as characters of spaces of 
states of coset theories. These characters differs from Cw \; (q) by an extra 



Aw+Aw-A„ 



factor g ^1 ^2 '' ^ where A^' is a conformal weight of A' (see |DMSj ). 

There exist different approaches to the study of Cy y (q) (see for example 
[RNYl IKMQl E ID.TKMOl EH ESl EHl E IF0W| V These approaches give 



different types formulas for some particular cases of branching functions. In 
our paper we use homological technique to derive two bosonic formulas for 
Cw ^/ (q) for general affine Kac-Moody algebras (note that similar approach 

is utilized in jFF.TMTl IFF| IFJ). Let us briefly describe our results. Recall 
the Garland-Lepowsky theorem: 

(2) iip(n_,L^)~ ^^ ^w*n^ 

l(w)=p 

where H^ is a Weyl group of g, it; * ^ is a shifted action of W and l{w) is 
the length of w. Note that ((3) is an isomorphism of f)-modules and 'Cw*^l 
is one-dimensional f)-module of the weight w * fj,. From (j^J we obtain that 
for /U, 1/ G P^ homology Hp{n^,L^Y (superscript denotes the corresponding 
f)-weight subspace) vanishes if p > or /i 7^ z^. In addition 

/7o(n-,L^)^~C^. 
Therefore from (^ we obtain 

Hp{n-,Lx,(^Lxy c^ c('^x'^6o,p 
and so 

(3) ^(-l)Pch,Fp(n_,LA, ® LA,r' = <;,, (g). 

p>0 

We now compute the same Euler characteristics using the BGG-resolution 
of Lai: 

(4) ,,,^Fp^...^Fo^Lx,^0, 

where Fp = ©;(^(,)=pM^*Ai and M^^^Xi is the corresponding Verma module. 
Tensoring the BGG-resolution by Lx2 we obtain the U(n_)-free resolution 
of Lai (S> Lx2- 

(5) . . . ^ Fp La2 ^ . . . ^ Fo ® La2 ^ Lx, ® Lx^ -^ 0. 
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Then the homology Hp(n-,Lx^ L\^Y can be counted as homology of a 
complex 

(6) . . . ^ [C ®u(n„) {Fp ®Lx,)Y ^...^[C 55u(n.) {Fo ® Lx,)Y ^ 0. 
Therefore the Euler characteristics Q is given by the formula 

p>0 l{w)=p 

We thus obtain our first bosonic formula for c w ., (q). 

To get the second formula we replace the "product" Lx^ (g) Lx2 by the 
"fraction" L^^L^_^ and consider the homology Hp{n-,L^(2) L*^_^), Ai € P^, 
/i G Pk +k ■ ^^ prove that 

//p(n_,L^®L^J^2=0forp>0 
and 

We thus obtain that 

^(-irch,Fp(n_,L^®L^J^^=<;,,(g-i). 

p>0 

Using the BGG-resolution of L^ we again rewrite this Euler characteristics 
in terms of the characters of spaces (C <8)u(n-) {^w*fi ^ L*^ ))^^- This gives 
the following formula: 

(8) <;a^(9) = E(-1)'' E 9-("'*^)(')ch,(L,j(-*^-^2)' 

p>0 l(w)=p 

(recall that we assume \i{d) = /^2{d) = fJ-id) = 0). The specialization of this 
formula to the simplest case Q = 5I2 gives the formula from |BNY| KMQ Ir] 
in the form of |Fj . We note that looks like (O , but the proof is much 
more complicated. 

Our paper is organized as follows. 

In Section 1 we fix affine Kac-Moody Lie algebras notations. 

In Section 2 we derive our first formula for branching functions eft, ,, (q) 

using the homology Hp{n^,Lx^ Fx^Y ■ 

In Section 3 we derive our second formula for Cw \/ iq) using the homology 

of the "fraction" iJp(n_, L^ ® ^Ai)^'- 

In Section 4 we specialize formulas from Sections 2 and 3 to the simplest 
case = 5(2. 

Acknowledgements. This work was partially supported by RFBR Grant 
06-01-00037 and LSS 4401.2006.2. 
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1. Affine Kac-Moody Lie algebras 

In this section we fix our notations on the affine Kac-Moody Lie algebras. 
The main references are |Kac| IKumj . 

Let Qfin be a simple finite-dimensional Lie algebra with the Cartan de- 
composition Qfin = Xlfin © i)fin © {n-)fin- 

Consider the corresponding affine algebra 

= 0/m © C[t, t-^] ®CK® Cd, 

where K is a central element and [d, x © t*] = —ix © t*. 
We fix the Cartan decomposition g = n © f) © n_, where 

n = rifin © 1 © Qfin © tC[t], 

i) = \]fin © CK © Cd, 

n_ = {n-)f^n © 1 © Qfin © t-^C[t~^] 

and denote q' = [g, g] = g/i„ © C[t, t'^] © CK, fj' = ()/,„ ®CK<^ g'. 

Let a^ G f), «« G 1)*, i = l,...,n, be simple coroots and roots. Note 

that a( form a basis of f)/m © Ci^. We denote by stg the SI2 Lie algebra 
spanned by Cj, a^ , /j, where Cj, /j, i = 1, . . . , n are the Chevalley generators, 
Ci £ n, /i G n_. We note that 

n= 5a, n_ = g„, 

aGA+ oGA_ 

where A+ and A_ are the sets of positive and negative roots and Qa = {x & 
g : [h,x\ = a{h)x V/i G f)}. Spaces go,, and g_Q,. are spanned by Cj and /j. 
Let 

(9) u« = g«. 

Note that 

Let P^ be the set of level k integrable dominant g-weights, i.e. 

P+ = {A G r : A(ay) G Z>o, X{K) = k}. 

We also denote by P^"*" ^-> {)'* the image of Pj!' with respect to the projection 
[)* —f t)'* , X \—>- A'. For A G Pj!' let Lx be an integrable highest weight g- 
module with highest weight vector vx G Lx such that 

nvA = 0, U(n_)t;A = Lx, h{vx) = X{h)vx, h € i). 

Let Lx' be g' module which coincides with Lx as a vector space and the 
action of g' is a restriction of the action of g. For any a G i)'* set 

(LxT = {v£Lx: hv = a{h)v V/i G f)'}. 

Note that Lx is graded by an operator d. We set 



aGA_ 



/ (0 
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Fix A'^ € Pj^^ , A2 € -ffc^) ^iid consider the decomposition of the tensor 
product of g'-modules: 

(10) Ly^0Ly^= C^,\, ®V- 



^'en++fe2 



The space Cy , , can be identified with a subspace of highest weight vectors 



l'"2 



of f)'- weight n' in L;^/ (8)L;^' . To define a character of Cy y one needs to fix an 

action of the operator d on each g' module Ly. Note that if A|(j' = A|f,' then 
Lx' — Ly. Therefore an action of d on Ly depends on the choice of X{d). 
It is convenient for us to choose a normahzation Xi{d) = X2{d) = fi{d) = 0. 

This defines the characters of Ly <S>Ly and of Cw ,, . The character ch^Cw ,, 
is called fl branching function and is denoted by Cw ^ (q)'- 

<;,,(g)=Trg%, 
Recall that spaces Cw w appear in the conformal field theory as spaces 

'^l'^2 

of states of coset theories (see IDMSj ). Namely the Sugawara construction 
defines an action of the Virasoro algebra with generators L„ on each Lx/. 
In particular for the operator Lq one has 

LqVx = Ayvx, [Lo,x(^ f] = -ix O f 

{/^x' is a conformal weight). Now the GKO construction (see |GKUp defines 
an action of Vir on the tensor product Ly (g) Lx' which commutes with the 
diagonal action of q'. Namely one puts 

L^^o ^ ^(1) ^ Id + Id L(f) - Lf "^ 

where Ln , Ln and Ln""^ are Sugawara operators acting on Ly , Ly and 
Ly ® Ly respectively. Therefore, we obtain a structure of Vir-module on 

Cw ,, and an equality 

where the left hand side is a character of the space of states of the corre- 
sponding coset model. 

In the end of this section we recall the Weyl group notations, the Gar Ian d- 
Lepowsky n_-homology theorem and the BGG resolution. Let W be the 
Weyl group of g, generated by simple reflections Sj. We denote by l{w) the 
length of an element w ^W . Recall that the shifted action of VF on [)* is 
given by ■«; * A = w{X + p) — p, where p{a() = 1. We will need the following 
lemma: 



Lemma 1.1. a) If X ^ P^ and w * X (z P^ then w = e. 

k 



b) If {w * X)a( < —1 for some X € P^ then l{siw) < l{w). 
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Proof. To prove a) we rewrite an equality w * X = Xi as wi^X + p) = Xi + p. 
But if A, Ai G Pj^ then 

(A + p)a,^ > 0, (Ai + p)a^ > Vi 

Therefore both X + p and Xi + p are the elements of the Weyl dominant 
chamber and so A = Ai. But from w * X = X one gets w = e (see Lemma 
3.2.5 from |Kumj ) . 

We now prove b). Note that {w * X)a'^ < —1 is equivalent to 

{X + p){w~'a'^)<0. 

This gives w^^a^ = Y17=i'^j'^) 'with Cj < 0. Therefore l^w^^Si) < l{w). 
Lemma is proved. D 

The following theorem is proved in |GLj : 

Theorem. For any X G Pj^ we have an isomorphism of i) -modules: 



Hp{n.,Lx)^ C, 



i*A) 



l{w)=p 



where C^^x is one- dimensional \]-module of the weight w * X. 

We will also need the BGG resolution of integrable irreducible represen- 
tations Lx (see |B(7(t| IKumj ). Namely there exists an exact sequence of 
0-modules and g-homomorphism 

(11) •■•^0 M^,x^-..^Mx^Lx^O, 

wew 

l(w)=p 

where M^ is the weight p Verma module. 

2. First homological bosonic formula 
Lemma 2.1. For any Ai G P^ , A2 G P^ and p G P^ j^j^ we have: 

C^^x',-Ho{n-,Lx,®Lxy, 

iJp (n_,LAi (S> Lx^)^' = for all p > 0. 

Proof. Recall that for any A G P^ and e ^ w £ W one has w * X ^ P^ and 
so {w * Xy ^ Pk ■ Therefore, from Garland-Lepowsky theorem we obtain 
that Hp{n-, Lx)^ = unless p = and X = p. Now our lemma follows from 
the decomposition (fTU)) and an equality 

Ho{n.,Lx,®Lx,r' ^ Ho{n-,Lx,® Lx.f. 

/i|l,/=At' 

D 
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Corollary 2.1. For any Ai G P^, A2 G P^ and /z € ^^^+^2 ^'^^ ^"^^ 



^A^r 



(12) c^;^,(g) = j;(-lfch,i7p(n_,LA, ®L; 

p>0 

We now compute the Euler characteristics H12() using the BGG-resolution 
of Lx^. Tensoring (|11|) by L\^ we obtain the U(n_)-free resolution of L\-^ ® 
Laj- Therefore the following complex counts Hp{n-,L\^ (g) L\^): 

(13) . . . ^ C ®u(n-) {LX, Pi) ^ C 0u(n-) (^A^ ^ Fq) ^ 0, 

where Pp = ®i(^w)=p^w*\x- We can rewrite (Unj as 

(14) . . . ^ (C ®u(n_) ^1) » ^A2 ^ (C 0u(n_) ^o) C3 Pa^ ^ 0. 
Lemma 2.2. 

J^(-l)Pch,Pp(n_,PAi ^PaJ'^' = 

p>0 

^(-1)P ^ g('"*^i)'^chg(PAj(^"'"*^^)'. 

p>0 l(u])=p 

Proof. Recah that Pp = 0;(^)=p ^^«,*Ai • Therefore, 

i{ui)=p 

Now our lemma follows from the equality of Euler characteristics of the 
complex (|TH) and the right hand side of ([T2|) . D 

Proposition 2.1. We have a bosonic formula for the branching functions: 

(15) <A^(^) = E(-i)' E 9^"'*'^^'ch,(p,,)(^-*^^)' 

p>o wew 

l(w)=p 

Proof. Follows from Corollary 12. II and Lemma 12.21 D 

Remark 2.1. We can use the BGG resolution of L\^ instead of Lx^. This 
interchanges Ai and A2 in the right hand side of ^15\\ and leads to another 
formula for branching functions c't,., {q). 

3. Second homological bosonic formula 

In this section we study homology ffp(n_, L^® L\ ) replacing the tensor 
product Pai ig Pa2 from the previous section by the " fraction" L^® L*^ . We 
note that though P^(g)P^^ does not belong to the category (the eigenvalues 
of the operator d are not bounded from below) it is still integrable. So we 
first prove some statements about integrable representations. 

Recall the definition ^ of the subalgebra u_ . 
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Lemma 3.1. Let M he an integrahle g module. Then 

F„(n„,M)~Fo(0_„,,i/„(u^\M))©Fi(0_„,,i/„_i(u^),M)). 

Proof. We consider the Hochschild-Serre spectral sequence associated with 
a pair u_ ^-> n_. Note that u_ is an ideal and n_/u_ ~ g-a^. The second 
term of this spectral sequence is given by 

We prove our lemma by showing that E'^^ = E^^. 

Because of the integrability condition M is a direct sum of irreducible 
finite-dimensional sV^ modules. Therefore the same is true for A'^(u_ ) M 

and also for Hq{u_ ,M). For any nonnegative integer s we denote by vr^ 
an irreducible 5^2 rnodule with highest weight s (dimvr^ = s + 1) and fix 

highest and lowest w 
direct summand and 



highest and lowest weight vectors Vg and Ug. Let vr^ ^-> Hq{u_,M) be a 



be a chain representing some class in Hp{Q-ai,'^s) '—^ Hp{Q-ai, Hq{u_ , M)). 
We set 

ao = Vs, ai = fi®Us. 

Let /3p G AP(g_Q,-) (g) A^(u^^) ^ M he the chains of the form 

j3q = xo, f3i = fi® xi 

which represent ap (i.e. xq represents Vs and xi represents Ug). Now 
let dn_ {d (i)) be the differential in the standard complex for i:f„(n_,M) 

{Hn{u_ ,M)). We state that dn_f3p = 0. In fact, for p = this just follows 

from Vs G Hg(u^l\M). Now let p = 1. Then 

dn-Pi = d^Afi ®Xi). 

We know that d {i)Xi = and /jXi = (because xi represents the lowest 

weight vector). This gives (in_/3i = 0. But because of (i„_/3 = we obtain 
that differentials ^2,^3,... in the Hochschild-Serre spectral sequence are 
trivial and Ep = E'^ . Lemma is proved. D 

Corollary 3.1. Let M he an integrahle level k q module. Then 

Ho{n^,M)^ = unless A G P+. 
Proof. Because of Lemma l3. II we obtain 

Ho{n.,M) ~ Ho{Q-a,,Ho{u^i\M)) 
for all i = l,...,n. We recall that HQ(Q-ai,T^s) is one-dimensional space 
of the a^-weight s. Therefore, because Ho{u_,M) is a direct sum of 

finite-dimensional s^ niodules, we obtain A(a/) G Z>o for any weight A 
of Ho{n, M). This gives A G P^^. D 
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Proposition 3.1. Let M be an integrable level k q module. Then 

a) i/„(n_, M)""*^ = forwGW, X(£ P^ if l{w) > n. 

b) Hn{n-,M)'"*^ ~ iJ„„i(^)(n_,M)^ for any w e W, a e P^ such that 
l{w) < n. 



Proof. We prove a) and b) simultaneously using 

Hn{n^,Mr^Ho{Q^a,,Hn{u^l\M)reH^{Q^a,,Hn^i{u^i\M)r 

and the induction on n. The case n = follows from Corollary 13. 11 Suppose 
our lemma is proved for m < n. We assume l^w) > (otherwise a) and b) 
are trivial). Then there exists i such that 

(16) (w * X)a^ < -1. 
We have 

Hn{n.,Mr*^^HoiQ-a,,H^{u^!^,M)r*^®Hi{Q_a.^,Hn-iiu'-i\M)r*\ 
Because of the condition (|16|) we have 

^o(0-a.,^n(u^\M))-*^=O 

and therefore 

(17) Hn{n,Mr*^ c^ //i(g_„,, //,,_! (u^\m))-*^ ^ 

i7o(5-a.,i^n-l(u^\M))(^»-)*\ 

because 

^i(0-a.,vr,)"~i7o(S-a.,vr.)^>*" 
for any a. We also know that 

i7„_i(n_,M)(^>-)*^ ^ Fo(0_„„i7„.i(u(!\M))(^>"')*^e 

Fi(0_„,,i/„_2(u^\M))(^>-)*^ 
and because of {{siw) * A)a^ = —{w * A)a^ — 2 > — 1 (see (fTH]) ! we obtain 

//i(0_„,,/f,_2(u,M))(^'-)*^ = O 
(because i7i(g_Q,, ,7rs)* = for any t > —1). Therefore 

(18) F„_i(n_,M)(^»-)*^ :^ /?o(0-a,, i^n-i(u^\ M))(^»-)*\ 
From H17() and (|18() we obtain 

(19) /7„(n_, M)'"*^ ~ //„_i(n_, M)(^»'")*\ 

Note that because of ((TB|) and Lemma n~T] /(g,w) = /(w) — 1. 
Now suppose that n < l{w). Then iterating H19() we obtain 

F„(n_, M)"'*^ ~ /7o(n_, M)*"'*^ 

for some w' with /(if') > 0. But this homology vanishes because of Corollary 
13.11 This gives a). To obtain b) one needs to iterate (|19|) . Proposition is 
proved. D 
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Let uj : Q ^>- Q he the Chevalley involution defined by e^ — > —fi, fi — > — ej, 
h — > —h {h € f)). For g module F we denote by V^ a g module which 
coincides with V as a vector space and the action of q is twisted by lo. 



Lemma 3.2. Let M be some q module, A G f)*. Then 



F„(n_,M)^~/7„(0,[),MC5M^ 



where M\ is the Verm,a m,odule. 
Proof. We first rewrite 

where C_a is one-dimensional b_ = n_ © f)-module with trivial action of n_. 
Now our lemma follows from 

Indg_ (M (» C_a) =^ M (g) M^. 

D 

In what follows we study homology /f„(n_,L^ (^ L^ )'^'^ for the triple of 

weights Ai G P^, A2 G P^, /i G Pkx+k2- ^°*^ ^'^^^ ^M '^ -^Ai is integrable g 
module. Because of Lemma 13.21 we have an isomorphism 

Proposition 3.2. There exists a spectral sequence E^ with 

w. l{w)=p 

such that Ep^q converges to H,{g,t),L^ (g) L^^ (g) ^^2)' ^^ addition E^^^ = 
for p > q. 

Proof. We first note that Ep^ = foi p > q because of part a) of Proposition 

EH 

Now consider the BGG resolution 
. . . ^ Fx{2) ^ Fa(1) ^ FxiO) ^ La ^ 0, Fx{p) = M^.a- 

ui: l(w)=p 

Recall that for any A G P^ {L\Y ~ La- We thus obtain the dual BGG- 
resolution 

ui: l(w)=p 

This gives the following resolution 

(20) ...^L,(^Ll^(^F^^{l)^L,®Ll(^F^^{0)^L^®Ll^®Ll^^O. 
In order to establish a connection between 

i/,(0, f), L^ ® L^, ® L^J and F,(n_, L^ ® LIJ"*^^ 
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we use a bi-complex Kp^q associated with the resolution ^E^ : 

(the space of ()-invariants) . The first term of the corresponding spectral 
sequence is given by 

and Epq converges to Hn{5, f), L^®L\^ (^L\^). From the definition of F^^{p) 
and Lemma l3. 21 we obtain 

w. l{w)=p 

Proposition is proved. D 

Corollary 3.2. Ho{n-,L^0 11^2 ~ {c(^yj* . 

Proof. Note that HQ{n-, L^ L^ )'^2 is isomorphic to 

A2||,/=A2 

Fix some A2 with A2|fi' = A2. Then using the spectral sequence from the 
Proposition 13.21 we obtain 

and Ej^ ~ ^ ^^^ all n > 0. Therefore linir^oo -^0 ~ -^0 o- ^^ addition 

E^o ^ Ho{g, f), L^ ® Ll^ L|J ^ H^{g, f), L^ ® La, L-^^)* . 
Now our Corollary follows from 

and 

H%Q, f), L; ® La, L^J* ~ Homg,(L^,,LA'^ L^^, )*. 



A2||,/=A2 



D 



We now study the special case of -ff„(n_,L^ (S> L\ )^^ with A2 = and 
^1 = Ai. 

Lemma 3.3. Hn{n-,L^ (g, L*)° = forn>0. 
Proof. We consider a filtration {L*^)m on L* : 

(L*)m = span(ei, . . . Cj^t;*, s < m, 1 < z^ < n), 
where v* is a lowest weight vector of L* . This induces a filtration 

( [A'^(n„) L^ l;] ')m = [A"(n_) ® L^ ® (1;)^] ° . 
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For the associated spectral sequence one has 



Because of i:f„+m(n_,L^) ~ 0^. ,(^)^„+„C^*^ we obtain 

w: l{w)=n+m 

But 

because w~^p — p < for l^w) > 0. This gives £'^ ^ = for n + m / 0. 
Lemma is proved. D 

In the following Lemma we calculate homology H^iQ, \),L^® L*^) for two 
weights ^,i/GP+^^^. 

Lemma 3.4. Let fi,v £ ^k +k- ■ ^^^n 

dimH2n{Q,i),Lf,(^Ll) = 6^^u#{w G W : l{w) = n}. 

In addition H2n~i{Q, ^, ^^ "SD L*) = 0. 

Proof. Because of the isomorphism (L'^)^ — Li, the BGG resolution gives 
the following resolution: 

. . . ^ M^,,^ ® M^^,, ^ . . . ^ M^ C5 M^ ^ L^ ® L* ^ 0. 

wi,W2£W 
l{wi)+l{w2)=p 

This resolution is (g, f))-free. Therefore a complex G, with 

Gp= [C ®um) {Mu^.p ® M^^, J] ° 

i(uii)+i{ui2)=P 

counts Hp{Q,t),L^ (g) L*). Note that Gp = 0;(«,i)+;(«,2)=pCo. In view of 

wi*p=W2*iy 

/i, z^ € P^ j^f^, the condition ti^i * /i = ti;2 * z^ is equivalent to ti^i = ti;2, i^ = A*- 

Therefore G2n-i = 0, n > 1 and dimG2n = ^pu#{w G M^ : Z(tt)) = n}. 

Lemma is proved. D 

Proposition 3.3. The natural map 

T : HniQ, \), L^ Ll^ ® M^J ^ Hnis, i), L^ L^^ ® L^J 

is trivial for n > 0. 

Proof. Because of an isomorphism 

it is enough to prove that the map 
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is trivial. Note that r' comes from the natural embedding 

(21) i: [A"(b_/f))0L^0Ll^0Cy°--[A"(0/f))®L,,0Ll^^Ly°. 
Therefore it suffices to show that any chain 

c € [A"(b_/f)) ®L^® L^ L^J ° ^ [A"(0/f)) ® i^ ® L^ L^J ° 

defines a trivial class in Hn{Q, f), L^ ® L\_^ ^*\2^- 

Because of Lemma 13.41 it is enough to show that any chain from 

[A"(n_) (^L^(^Llf^ [A"(0/f)) ®L,® L^ ^ Llf 

defines a trivial element in Hn{Q, \],L^ ® L*^ (g) L^ ) for n > 0. But from 
Lemma 13.31 we know that 

Hnin-,Lf,(^L*^f = for n > 0. 

Proposition is proved. D 

Theorem 3.1. For any Ai G P^, A2 € P^, /U € Pj!^ ,f, and n > 

Hnin-,L^0Liy^=O. 

Proof. We use the spectral sequence from Proposition 13.21 

w. l{w)=p l(w)=p 

From Corollarv 13.21 we obtain -Eqq ~ {Cyy )* and therefore 

(22) ^l.- © {C^>y/. 

w. l{w)=k 

In addition Propositions 13. ll and 13.21 gives 

(23) El„_,j, ^ El^, El^ = for p > q. 

Our goal is to show that £'o„ = 0, n > 0. (Because of (PS)1 this is equivalent 

to the proof of E^^ = Q ioi p ^ q). Note that this agrees with a fact that 

EI. ^ is isomorphic to -ff2fc(s, ^,Lfi.® L\ <^ L\) (see Lemma 15711 and (jUl)). 

We prove the statement -E'o2n~i — ^^ P^})2n — ^ W induction on n > 1. 
First let n = 1. Because of Proposition 13.31 the map 

El 2 -^ ^2(0, ^,L^ (g) Ll^ ® LIJ 

is trivial and therefore Eq^2 — 0- This gives Ef\ = El^, because 

El, ^ 7/2(0, i), L^ ® Ll^ ^Lljc^ E^, e E^^. 

So a differential di : £'J ^ ^ £^q ^^ is trivial and 

^0,1 = ^0°^! = ^l(0,f),i^ ® L^, ® ilj = 0. 

According to Proposition 13. II we obtain £'^2 = 0, which gives 

-^0,2 = -E'o°2 = 0- 
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Now suppose -Eg ,, = for s < 2(n — 1). This gives E^^j^^ = for 
s < 2{n — 1), p > 0. Note that the map 

is trivial and so E^2n ~ 0- Recall that the differential dr acts from Elp to 
^p-r,q+r-i- This gives 

El^^ = El^ioip + q<2n. 

Because of 

H2n{Q,h.L^®Ll^®LX)^El^^ 

we have E\^ = E^^. So the differential d„ : E^n ~^ -^0 2n-i i^ trivial. 
Therefore 

n F°° F" f1 

•J — -^^0,271-1 — ^0,2n-l — ^0,2n-l 

{EQ^2n-i — because by induction assumption we know that E^g = for 
p+q = 2n-l, (p, q) + (2n-l, 0)). The equality El^^n-x = gives E^^n = 0. 
Therefore, 

Theorem is proved. D 

Corollary 3.3. For any Ai G P^, A2 G P^, /x e P^-^+ki ""'^ n > 

Theorem 3.2. Let Ai G P+, A2 G P+, ^ G Pfe^+fc^- T/ien 

(24) 4|a^('?-')=E(-1)'' E ^^"*^^'ch,-i(LAj("'*^'-'^)'. 

p>o weVK 

l{w)=p 

Another expressions for branching functions can be obtained by interchang- 
ing Ai and A2 in the above expression. 

Proof. Consider homology Hn{x\^,L^ ® L\ )'^2. Because of Corollary 13.21 
and Theorem 13. II we know that 

^(-l)Pch,F„(n_,L^®LlJ^^=<;,,(g-^). 

p>0 
Using the BGG-resolution of L^ we obtain that the following complex counts 

{2h) ...^D2^Di^Dq^{), Dp= (C^u{n_)(Af«;*/.®iIJ)^'^- 

w. l{w)=p 

We note that 

and so we have 

ch,(C C5u(n_) (M^.^ L^J)^^ = g(-*^)'^ch,(L^j(-*^+^^)'. 



BOSONIC FORMULAS FOR AFFINE BRANCHING FUNCTIONS 15 

Therefore the Euler characteristics of the complex (|25j) is given by 

p>0 w: l{w)=p 

But the Euler characteristics of ()25() coincides with the sum 

n>0 

Theorem is proved. D 

4. The 5(2 case 

In this section we specialize formulas (fT^ and PH) to the case = 5(2. 
Let h be the standard generator of the Cartan subalgebra of 5(2. Then f) 
is spanned hy ho = h 1^ 1, K and d. Define (i, k, m) G fj* by 

{i,k,m)hQ = i, {i,k,m)K = k, {i,k,m)d = m. 
Let {i,k) = (i, A;,m)[fj/. Note that 

P'k^ = {ihk) ei)'* :i,keZ>o,i<k}. 

We denote by Li^k (0 < « < /c) the highest weight irreducible representation 
of 3(2 with highest weight {i,k). For fixed levels ki,k2 let cl_^i^{q) be the 
corresponding branching functions defined as characters ol C^ ■ : 

ki+k2 
3=0 

Recall that for any s > there exist two elements Ws,i,Ws,2 € W with 
l{ws,i) = s. In addition 

(26) W2n,i * {i, k, m) = {i + 2n{k + 2), k,m + n{n{k + 2) + i + 1)), 

W2n,2 * {i, k, m) = [i — 2n{k + 2),k,m + n{n{k + 2) — i — 1)), 
W2n-i,i * (^) k, m) = {—i — 2 + 2n(k + 2), /c, ?7i + n{n(k + 2) — i — 1)), 
W2n+i,2 * (i, k, m) = {—i — 2 — 2n{k + 2), k,m + n{n{k + 2) + i + 1)). 

Let V^ be the eigenspace of the operator h G 5(2 with an eigenvalue I. 

Proposition 4.1. 

(27) 



Proof. Follows from ^^ and (HH). D 
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Proposition 4.2. 

(28) <,,(g) = 

E-{ki+k2+2)p2-{j+l)p( , j^2{ki+k2+2)p+j-i2 _ , ^2(fci+fc2+2)p+j+i2+2x 
pGZ 

Proof. Follows from (PH) and (EH). D 

Remark 4.1. iVote i/iai formula ^2^ coincides with bosonic formula from, 

m 
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